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ABSTRACT
We investigate the appearance of magnetic field amplification resulting from a cosmic
ray escape current in the context of supernova remnant shock waves. The current is
inversely proportional to the maximum energy of cosmic rays, and is a strong function
of the shock velocity. Depending on the evolution of the shock wave, which is drastically
different for different circumstellar environments, the maximum energy of cosmic rays
as required to generate enough current to trigger the non-resonant hybrid instability
that confines the cosmic rays follows a different evolution and reaches different values.
We find that the best candidates to accelerate cosmic rays to ∼ few PeV energies are
young remnants in a dense environment, such as a red supergiant wind, as may be
applicable to Cassiopeia A. We also find that for a typical background magnetic field
strength of 5 µG the instability is quenched in about 1000 years, making SN1006 just
at the border of candidates for cosmic ray acceleration to high energies.
Key words: MHD — ISM: cosmic rays — ISM: supernova remnants — acceleration
of particles — instabilities
1 INTRODUCTION
Cosmic rays were discovered around 100 years ago by Victor
Hess. He showed with a balloon experiment that the ion-
ising radiation increases with altitude and therefore has a
cosmic origin. The misleading term ‘cosmic rays’ was coined
before it was discovered that the radiation consisted of par-
ticles rather than electromagnetic waves. It is now known
that they are ionised particles that travel near the speed of
light, and can be anything from electrons, protons, to ionised
higher-Z elements. Cosmic rays with energies to the ‘knee’,
being the break in the spectrum at around 3 PeV (1015 eV),
are believed to be of Galactic origin. More energetic ones
are not effectively confined by the Galactic magnetic field.
Over the past decades various theories have been de-
signed as to explain the origin of Galactic cosmic rays. The
preferred one is the acceleration of cosmic rays in the process
of ‘diffusive shock acceleration’ (DSA) in supernova rem-
nants (SNRs) (see e.g. Malkov & O’C Drury 2001, for a
review). Various aspects of the observations can be nicely ex-
plained: the energy budget in SNRs is enough to re-energise
the cosmic ray population, the acceleration is quick enough
to accelerate cosmic rays to around PeV energies if the mag-
netic field is amplified, and the magnetic field can be am-
plified by the cosmic rays themselves when a fraction of the
cosmic rays escape to trigger an amplifying instability, of
which the fastest growing one on relevant scales is the non-
? E-mail: K.Schure1@physics.ox.ac.uk
resonant hybrid (NRH) instability (Lucek & Bell 2000; Bell
2004, 2005).
In this paper we aim to connect the theory of magnetic
field amplification by the NRH instability to the confine-
ment of cosmic rays in the vicinity of the SNR blast wave
and to evaluate the maximum energy for the cosmic rays.
The growth rate of the instability and the confinement are
non-linearly intertwined, as more efficient confinement re-
duces the upstream growth rate, which in turn reduces con-
finement, and vice versa in a self-regulating manner. Similar
types of studies have been performed by various authors. For
example, Zirakashvili et al. (2008) numerically modelled the
instability in plane parallel geometry, and looked in more
detail at the downstream region in Zirakashvili & Ptuskin
(2008). The same model was used to calculate the Galac-
tic cosmic ray spectrum in Ptuskin et al. (2010). Reville
et al. (2009) used a similar calculation of the NRH instabil-
ity to determine the free-escape boundary, a popular concept
in calculations and simulations of cosmic rays in non-linear
steady-state models, such as used by e.g. Eichler (1983); El-
lison & Eichler (1984); Kang et al. (2009); Vladimirov et al.
(2009); Caprioli et al. (2010); Ohira et al. (2010); Patnaude
et al. (2010); Kang (2012). We aim to highlight the connec-
tion between the instability and its effect on the maximum
cosmic ray energy, and how they can be reliably calculated
and modelled in a spherical geometry such that the numer-
ical results can be interpreted in a quantitative sense.
A first-principle simulation of the NRH instability has
recently been done by Bell et al. (2013), where a combination
of MHD with a VFP description of the cosmic rays to second
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order anisotropy in momentum has been shown to work: a
population of escaping cosmic rays triggers the instability
that generates enough magnetic turbulence to confine more
recent cosmic rays to the shock region. Details of how this
affects the diffusion approach that should be assumed for
cosmic rays are still unknown, but observational evidence
hints that it is close to Bohm in the sources that we think
produce the high-energy end of the Galactic cosmic rays
(Stage et al. 2006; Uchiyama et al. 2007). The simplification
in this work, of approaching the cosmic rays as a source
current in the MHD code, allows for simulations on larger
scales such as applicable in SNR shock waves.
In Section 2 we describe the link between the magnetic
field growth and the maximum energy of the accelerated
cosmic rays. In Section 3 we quantitatively show the vari-
ous stages of the magnetic field amplification as it results
from the NRH instability in MHD simulations. In Section 4
we describe how the maximum cosmic ray energy can be
self-consistently calculated as a function of time, requiring
enough escaping cosmic rays to let the NRH instability grow
fast enough to confine the cosmic rays. We assess the results
in light of the various types of SNe and environments. In
Section 5 we evaluate what this means in terms of which
sources can accelerate PeV cosmic rays, and how the vari-
ous sources add up to make up the Galactic CR population.
In Section 6 we illustrate the result of this analysis with
some simulations, where we integrate the previously calcu-
ated cosmic-ray current with simulations of the evolution of
young SNRs. Finally, we reiterate the implications of our
results in Section 7.
2 COSMIC RAY CURRENT SOURCE
If cosmic rays are efficiently accelerated at the shock, it can
be assumed that a certain fraction χ of the shock’s kinetic
energy is transferred to the relativistic particle population
and that a fixed fraction of this energy is carried upstream by
escaping CR. For a given CR energy flux the electric current
carried by the CR is inversely proportional to the energy of
each escaping CR. The return current that is consequently
carried by the thermal plasma to maintain neutrality can
give rise to a number of current driven instabilities (for an
overview see Schure et al. 2012).
We are investigating the effect of this current on the
magnetic field growth and stability of the upstream plasma
in the regime of the non-resonant hybrid instability (Bell
2004). To our knowledge, this is the instability that allows
for the fastest magnetic field growth in plasmas representa-
tive of young SNRs. Its maximum growth rate γ and corre-
sponding wave number k are (in cgs units):
γmax =
j
c
√
pi
ρ
, kmax =
2pij
Bc
, (1)
with j the return current resulting from balancing the escape
current of cosmic rays, B the magnetic field parallel to j,
and ρ the density of the plasma. If we, for now, assume that
the instability grows at the maximum rate, the number of
e-foldings for magnetic field amplification at a fixed radius
R upstream of (or at) the variable shock radius Rs is given
by:
γτ =
∫ R
0
j(Rs)
c
√
pi
ρ(R)
dRs
us
, (2)
with us the shock velocity.
A surface area dilution applies in the entire upstream
region, resulting in a (Rs/R)
2 dependency for j at a radius
R when the CR are accelerated by the shock at radius Rs.
Fixing the cosmic ray energy density Ucr as a fraction of the
shock kinetic energy, by fixing χ and defining Ucr = χρu
2
s
gives:
j =
χρ(Rs)u
3
sq
Emax ln(Emax/mpc2)
(
R2s
R2
)
. (3)
for the current from escaping cosmic rays with charge q
upstream of the shock, given the number of cosmic rays
as a function of energy follows a powerlaw with a slope
dN/dE ∝ E−2 (or N ∝ E−1) (see also Bell et al. 2013).
There are various indications that the source spectrum in
fact deviates from the canonical powerlaw slope as derived
from diffusive shock acceleration. A flatter spectrum is ex-
pected if nonlinear shock modification is taken into account
(e.g. Vladimirov et al. 2006), whereas oblique high-velocity
shocks, or other reasons, may generate a steeper spectrum
(e.g. Bell et al. 2011). Clearly, the number of escaping cos-
mic rays and thus the current becomes a different function
of Emax. In a related analysis applied to planar shocks prop-
agating at constant velocity, Zirakashvili & Ptuskin (2008)
discuss how χ (their ηesc) varies in response to non-linear
CR pressure feedback onto the shock structure and the re-
sulting effect on Emax. The crucial factor determining Emax
is the fraction of the available energy flux ρu3s given to CR
at the highest energy.
Depending on whether ρ now has a dependency on R as
in a stellar wind environment (circumstellar medium, CSM),
or not, as in a standard Type Ia environment (interstellar
medium, ISM), solving the integral equation 2 for fixed us
constrains Emax to behave as:
Emax =
χu2sqRs
√
ρpi
cγτ ln(Emax/(mpc2))
(CSM) (4)
Emax =
χu2sqRs
√
ρpi
2cγτ ln(Emax/(mpc2))
(ISM).
This is the energy at which the particle spectrum starts to
roll over. The difference between this description of Emax
and that constrained by either the Hillas criterion that re-
stricts the energy based on the size of the system (Hillas
1984), and the Lagage-Cesarsky requirement (Lagage & Ce-
sarsky 1983) that the rate at which energy is gained deter-
mines the maximum energy, is the inclusion and outcome of
magnetic field amplification. Given the magnetic field is am-
plified to levels that are reasonably expected in the presence
of the NRH instability, both Hillas and Lagage-Cesarsky lim-
its are less restrictive on Emax than the fact that an escape
current is needed to amplify the field to levels that allow
for confinement of the cosmic rays. In other words, even
though Emax is lower using the Hillas and Lagage-Cesarsky
limits with the background magnetic field strength, allow-
ing for magnetic field growth alleviates this restriction and,
if enough amplification is required by using the appropriate
value for γτ as we will discuss below, Emax subsequently is
c© 2010 RAS, MNRAS 000, 1–14
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restricted by allowing for enough escape current rather than
by time dependence or size of the accelerator.
By substituting Eq. 4 into Eq. 3, and evaluating for
R = Rs, we can write the current in terms of γτ as:
j(Rs) = γτ
cus
Rs
√
ρ
pi
(CSM) (5)
j(Rs) = 2γτ
cus
Rs
√
ρ
pi
(ISM).
Which values of χ and γτ should be used are up for dis-
cussion and should ultimately be determined by comparison
with observations. From self-similar dimensional arguments
we expect χ and γτ to be independent of the shock velocity
provided the Mach number is large and Emax is much greater
than the proton rest mass energy, but this assumption can
be questioned. However, to first approximation some bounds
for these parameters can be estimated, where we assume
they are independent of the absolute value for the shock ve-
locity. The parameter χ is a measure of how efficient energy
is transferred to the cosmic ray population, as a fixed frac-
tion of the downstream thermal energy density. From the
Rankine-Hugoniot jump conditions, the downstream (post-
shock) thermal energy density is Uth =
9
8
ρ0u
2
s. If 30% of
that is transferred to cosmic rays, this translates to a value
for χ = 0.34 (to be compared to η ln(Emax/Erest) in Bell
et al. (2013) and others).
A rough lower and upper bound on γτ can be estimated
in various ways. A lower limit can be found by requiring
B⊥ ≡
√
(B22 +B
2
3)/2 ≈ B0 (where B0 is the background
field, aligned with the first dimension, and B⊥ the magni-
tude of the magnetic field in the directions perpendicular to
that) for confinement (necessary for Bohm diffusion), such
that γτ > ln(B0/B⊥,0). If the initial fluctuation is around
5% of that of the background magnetic field, this translates
to a value of γτ > 3 as a very minimal value (and upper
limit to Emax). Any value higher than that, will require a
lower energy cut-off in the spectrum to allow for a higher
escape current. A tentative upper bound can be estimated
by looking at the value for the saturated magnetic field, and
approximating that growth does not slow down, which in
reality it will. As such, this yields a lower limit on the up-
per bound, since, as we will see in the next section, γ will
decrease when 〈B⊥〉/B0 ≈ 2 − 3, where 〈B⊥〉 is the aver-
age of the magnitude B⊥ over the 2nd dimension (in 2D
simulations). Very early on, while the cosmic ray energy is
not yet built up, the dE/dt restriction as posed in Lagage
& Cesarsky (1983) causes Emax to be lower than described
by Eq. 4. This results initially in a large escape current and
thus a temporary very high value for γτ , allowing for more
rapid growth of Emax. We find that within the first year,
this allows for the cosmic ray energy to reach levels that
from thereon are restricted by the magnetic field amplifi-
cation requirement. At no point at these early stages does
the magnetic field as required for sufficient amplification ex-
ceed the saturation value of the magnetic field, which we
will discuss next.
The value for the saturated magnetic field can be esti-
mated by looking at when c/4pi(∇× B) becomes compara-
ble to the cosmic ray current, which is when the size of the
fluctuations and the gyroradius of the cosmic rays are ap-
proximately equal (Bell 2004), such that rg ≈ λ (= 2pi/k),
meaning E/qB ≈ Bc/2j, with j ≈ ckB/(4pi) the cur-
rent at the smallest growing scale, being at k = 2kmax.
This gives an estimate of the saturation magnetic field√
4piχρu3s/c ln(Emax/(mpc2)) on the scale of the Larmor
radius of a particular CR. This spatial component of the
magnetic energy density is independent of the CR energy. If
we suppose that the magnetic energy density per logarith-
mic interval in scalelength is the same on all scales ranging
from the Larmor radius of a GeV proton to the Larmor ra-
dius of a PeV proton, the estimated characteristic saturation
magnetic field integrated over all scales is
Bsat ∼
√
4piχρu3s
c
. (6)
For Bsat  B0, and B2nl ≈ B20(B⊥,0/B0)2 exp(2γτ), we then
find the following ‘upper limit’ to γτ of
γτ <
(
1
2
)
ln
(
4piχρu3s
cB20 (B⊥,0/B0)
2
)
. (7)
Because of the logarithmic dependence on the initial fluc-
tuations, γτ is not very sensitive to which value we assume
for that. Putting in numbers provides an upper bound of
γτ ≈ 9, a factor 3 larger than our absolute lower limit. We
will get back to this with our simulations and numerical so-
lutions in Sections 4 and 6. It should be kept in mind that a
factor of 3 in γτ is only a fractional change in Emax and the
current, but an exponential change in the magnetic field.
3 CURRENT DRIVEN MAGNETIC FIELD
AMPLIFICATION
We use the MHD code from the AMRVAC framework (van
der Holst & Keppens 2007) to simulate the NRH instability
on a 2.5D grid (2 spatial coordinates, and vector components
in all 3 directions). For illustration purposes of the instabil-
ity in its purest form, in this section we will first show the
results of simulations on a cartesian grid in the x-y plane,
with a fixed current, while later, in Sect. 6 we will run simu-
lations in a spherical geometry. The current is implemented
as an imposed source term, where in the momentum equa-
tion a term is added that represents the Lorentz force result-
ing from this current. By fixing the current in the direction
of the first dimension (x on a cartesian grid), we only have
to add the Lorentz force in the form of j × B to the y and
z components of the momentum equation. The added mo-
mentum adds to the total energy, resulting in a net energy
gain throughout the simulation that in reality should be at
the cost of the shock kinetic energy. However, the increase
is very small compared to the total kinetic energy and does
not change the dynamics.
We initialise the plasma with a homogeneous density,
zero velocity, and a magnetic field that consists of a back-
ground field B0 parallel to the current (x-direction) and a
random component of around 5% of that of the background
field, and the length scale of the fluctuations is approxi-
mately the wavelength of the most unstable mode.
The instability has a maximum growth rate for a wave-
length of λmin = 2pi/kmax, with kmax the wavenumber for
which the growth rate starts to decrease, as given by Eq. 1,
such that
λmin ≈ B0c
j
. (8)
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In order to be able to resolve this maximum growth rate,
the size of the grid cells needs to be smaller than λmin and
the fluctuations seeded on the right scale.
In Fig. 1, we show the result of a simulation in which
we use the following parameters: ρ = 2.34 × 10−24 g cm−3,
B0 = 5 µG, j0 = 5 × 10−11 StA cm−2, and tmax =
5 × 109 s. The current density and tmax are chosen such
that γmaxtmax ≈ 10 and significant amplification can be
expected. The corresponding fastest growing wavelength is
λmin ≈ 3 × 1015 cm. In Fig. 1 we use a resolution of
∆x ≈ 2.4× 1014 cm and plot the value of B⊥/B0 as a func-
tion of time, with B⊥ =
√
(B22 +B
2
3)/2 perpendicular to
the zeroth order magnetic field B0. The cosmic ray current
points from top to bottom, which is also parallel to B0, and
the width of the plots corresponds to ≈ 8.5× 1016 cm. The
normalisation of the colour scale of each panel is different,
the values are shown in the caption.
Early on, best seen in panel 3 at t = 32 yrs, a pattern
is developing that has the shortest wavelength along the di-
rection of the current and background magnetic field, as ex-
pected from the analytical theory (e.g. Bell 2005). The wave-
length corresponds to the predicted value of ∼ 3× 1015 cm.
As the fluctuations grow stronger, they grow in size and
start merging. When B⊥/B0 starts to exceed unity, the
clear initial distinction between parallel and perpendicular
length scales starts to disappear, until in the 7th panel at
t ≈ 100 yrs little shocks are forming as the result of the per-
pendicular motion as the fluctuations grow in strength and
scale. Growth slows down as the loops start to run into each
other, and at very late times the original sense of direction
of the instability is lost, as the loops start to swerve toward
any direction of least resistance.
The growth rate of the magnetic field as a func-
tion of time is plotted in the top panel in Fig. 2 and
is compared to 〈B⊥〉/B0 and Brms/B0 (with Brms =√
(B21 +B
2
2 +B
2
3)/3). The growth rate is close to the ana-
lytical value, and seems to follow a slope of ∼ exp(0.9γt).
Doubling and quadrupling the resolution, such that ∆x ≈
6.2 × 1013 cm, brings the growth rate successively closer
to the maximum value as derived from analytical theory
(Eq. 1). As can be seen in the lower panel of Fig. 2, the
highest resolution run generates magnetic field amplification
very close to the maximum value. The higher resolution also
allows for more compression, both in density and magnetic
field, resulting in a higher value at which the magnetic field
saturates. Initially, it takes a while for the magnetic field
to start growing, which is due to some initial relaxation of
the magnetic field, and the fastest growing mode needing
some time to emerge from the seed fluctuations. The value
at which the magnetic field starts to saturate however is not
necessarily quantitatively reliable in these 2D simulations.
We have run a 3D simulation to compare the quantita-
tive and qualitative growth – the results look very similar
and therefore are not shown separately because they were
done at half the resolution. The main difference between
2D and 3D runs is in the level at which the growth rate
starts to reduce. In the nonlinear stage the growth in 3D is
quenched more quickly, which is due to loops of amplified
magnetic field running into each other, suppressing quick
growth beyond that point, whereas in 2D one of the dimen-
Figure 1. Evolution of B⊥/B0 (maximum displayed value be-
tween brackets) as a function of time, top to bottom: 0 (0.16),
16 (0.13), 32 (0.26), 48 (0.5), 63 (1.12), 79 (2.4), 103 (6.89), 127
(14.1), 158 (24.8) yrs (B⊥,max/B0).c© 2010 RAS, MNRAS 000, 1–14
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Figure 2. 〈B⊥〉 (magnitude of B⊥, averaged over the 2nd dimen-
sion) and Brms as a function of time compared to the analytical
growth rate. The lower plot has four times the resolution of the
upper plot, and the growth rate in the highest resolution run is
very close to the maximum value.
sion is infinite and therefore does not slow down growth in
that direction.
In Fig. 3 we show both B⊥/B0 and the density for the
three different resolutions. Structurally, the low-resolution
simulation does bring out all the features that are found in
the higher-resolution simulation, but, as also could be seen
from Fig. 2, the growth rate is a bit lower than the max-
imum value. Similarly, the density contrast is higher when
the resolution is higher. The resolution study shows that
the lower-resolution simulation can still be used to get in-
formation on the magnetic field amplification and density
structure, but for accurate quantitative statements a high
resolution is necessary. For quantitatively reliable data in
the non-linear phase 3D simulations are necessary. However,
the trend, and growth rate up to 〈B⊥〉/B0 ∼ 2 may well be
studied in 2D with adequate accuracy.
4 MAXIMUM ENERGY
In the previous section we showed that the non-resonant in-
stability acts as expected. After the amplified field becomes
comparable to the background field, the growth slows down,
but continues well into the non-linear regime. The growth of
Figure 3. B⊥/B0 (left) and ρ (right) at t = 158 yrs for different
resolution simulations. Although the overall features are the same,
the growth rate of the instability is faster in the high resolution
simulation and very close to the analytical value, whereas it is
approximately 90% of the analytical value in the lower resolution
simulation.
magnetic field fluctuations will aid in confinement of cosmic
rays and therefore decrease the flux of escaping particles, i.e.
decrease the escape current. In Sect. 2 we already derived
how this requirement results in an estimate for the maxi-
mum cosmic ray energy that depends on mostly the shock
parameters and our choice for γτ . Given a fixed fraction
of the shock kinetic energy is transferred to the cosmic ray
population, we subsequently derived maximum cosmic ray
energy as a function of time as given by Eq. 4. This energy is
the maximum to which cosmic rays can be accelerated while
leaving enough escaping particles to generate the cosmic ray
current that drives the instability to amplify the magnetic
field to a value such that B⊥  B0.
In our derivation of Eq. 4, we assumed the shock veloc-
ity was constant. In this section we expand this calculation
by allowing for a variable shock velocity, while still taking
into account the spherical dilution of cosmic rays upstream
that is proportional (Rs/R)
2, and properly integrating the
flux over time using a small numerical iteration routine that
we describe below.
We calculate the evolution of the shock with 1D numeri-
cal simulations, where we initialise the ejecta with a flat den-
sity profile in the core and a powerlaw envelope (Chevalier
& Liang 1989), with ρenv ∝ r−9 for the core-collapse / wind
c© 2010 RAS, MNRAS 000, 1–14
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scenario, and ρenv ∝ r−7 for the ISM scenario. The velocity
is initialised to be proportional with the radius, with a max-
imum value of 20,000 km/s. The ejecta mass and energy are
respectively Mej = 2.5 M, Eej = 2× 1051 erg (CSM) and
Mej = 1.4 M, Eej = 1051 erg (ISM). For the CSM case, we
use a mass loss rate of 10−5 M/yr and wind velocities of
4.7, 15, and 1000 km/s, typical for Type II and Type Ib/c
SNe that explode in either a (dense) red supergiant (RSG)
wind, or a tenuous Wolf-Rayet (WR) wind. We evaluate the
ISM case for two different interstellar densities nism = 0.05
and nism = 0.85.
With our variable shock velocity from 1D hydrosimu-
lations, we use a small numerical iteration routine to get
a better estimate for Emax by using our shock parame-
ters in Eq. 2, and using Eq. 3 for the current density. As
we discussed previously, which value we have to take for
γτ is up for discussion and should be somewhere between
ln(B0/B⊥,0) < γτ 6 ln(Bsat/B⊥,0). We compare our calcu-
lations with observations to obtain a best first estimate for
γτ .
As summarised in Table 1, the observed values for Cas-
siopeia A (Cas A) and Tycho give us a magnetic field value
of the order of B ≈ 200 µG, representing the downstream
(post shock) field (e.g. Helder et al. 2012). Assuming that
the compression due to the shock is about
√
11, this gives
for the upstream value B ≈ 60 µG. Continuing with our
model assumption, that initially B0 ≈ 5 µG, and the seed
fluctuations are on the order of 5%, we get an estimate of
γτ = ln(60 µG/(0.05× 5 µG)) ≈ 5.5. We will use a value of
γτ = 5 for convenience (if we had taken fluctuations on the
10% level this value would have come out naturally). If we
look at the growth rate in Fig. 2, we find that at γτ = 5,
(t = 83 yr), 〈B⊥〉/B0 has reached a value of about unity.
If growth would start more rapidly initially, growth could
potentially be larger at this time. So, as a first approach,
γτ = 5 from multiple aspects seems to be a reasonable start-
ing point.
The numerical iteration that we use to obtain Emax as a
function of time, now allowing for a variable shock velocity,
is as follows. We set γτ = 5 in Eq. 4, to get a first estimate
for Emax, and, because we are looking for the maximum pos-
sible Emax that is still consistent with our requirement on
γτ , we use 1.5 times this value as the starting point for our
numerical iteration. We then solve the following: 1): From
Emax we derive a provisional current using Eq. 3. 2): This
current is used in Eq. 2 to calculate the value of γτ as a
function of radius, taking into account that the current de-
creases with R2. 3): We lower Emax, and go back to step 1
until the current is sufficient such that the integrated value
of γτ from Eq. 2 at the shock radius is larger than 5. Also, we
check that the gyroradius in the unamplified magnetic field
is larger than the wavelength of the smallest growing mode
of the NRH instability, for otherwise this approach is not
valid and we set Emax = 0. Finally, we compare Emax that
comes out of this iteration with the analytical result from
Eq. 4 and plot them as a function of time for the various
SNR evolution scenarios in Fig. 4.
The calculated numerical values for Emax as a func-
tion of time are plotted in Fig. 4 for SN ejecta evolving in
a circumstellar medium (CSM: wind profile density) and in
a homogeneous interstellar medium (ISM). The RSG pa-
rameters used are representative for a Cassiopeia A type of
explosion, and for the Type Ia environment we have used
parameters representative for Tycho (nism = 0.85 (Badenes
et al. 2006), but for a discussion see Chiotellis et al. (2013)),
and for SN 1006 (nism = 0.05). In Fig. 4 the solid lines show
the numerically integrated results, and the dashed curves
show the analytical results from Eq. 4 with γτ = 5 and
ln(Emax/mpc
2) = 14. We find that at early times (t 6 10 yr)
there is a deviation between the analytical solution and the
numerical, owing to the instability needing time to grow.
Also, for low energies, the analytical solution is lower than
the numerical solution because ln(Emax/mpc
2) drops below
14. For reference, we have also plotted the shock velocity for
the various models, as resulting from our 1D hydro simula-
tions, in Fig. 5.
Given the numerical and analytical value are very close,
we can conclude that Eq. 4 provides a good representation
of the maximum cosmic ray energy as a function of time.
Our chosen values for χ = 0.34 and γτ = 5 can be adjusted
if the observations provide us with information to justify so.
The values for Emax that result from our numerical
analysis for the current ages of the SNRs are summarised
in Table 1, along with the shock radius and velocity as from
our 1D hydrodynamical models, and the calculated and ob-
served values for the magnetic field strength. Observations
will measure the post-shock field rather than the upstream
field, which is the one we calculate. For compression of a
factor 4 of a completely turbulent field, the post-shock field
is expected to be greater than the pre-shock field by a fac-
tor ∼ √11. That ∼ √11Bsat > Bobs for Cas A and (albeit
less so) for Tycho, indicates that magnetic field amplifica-
tion is limited by growth times rather than saturation in
these cases. For our SN1006 model, the value for Emax is
derived directly from Eq. 4 as an upper limit, since with
our used model parameters the NRH instability is quenched
after about 500 yrs. Similarly, the corresponding magnetic
field is regarded as an upper limit.
Note that the value quoted for Emax is for γτ = 5, which
if we assume exponential growth, results in a magnetic field
value of 0.05×5×e5 = 37 µG. Even a small change in Emax
will lead to a large difference for the magnetic field value. An
increase in γτ , for example from 5 to 6, would increase the
upstream magnetic field from ∼ 37 to ∼ 100 µG, while only
decreasing Emax by ∼17% compared to the value quoted
in Table 1. Potentially, γτ is variable and depends on the
saturation criterion – if the magnetic field were amplified to
the value quoted as Bsat, the corresponding Emax would be
lower by a factor of ln(Bsat/B⊥,0)/5, which is equivalent to
replacing a γτ of 5 with a γτ of ln(Bsat/B⊥,0).
For both Tycho and Cas A downstream magnetic field
values are estimated to be in the range B > 200− 230 µG.
For a compression of about
√
11 at the shock, barring addi-
tional amplification that could piggy-back of the NRH insta-
bility, this would imply B ≈ 60 µG for the upstream field, or
γτ ≈ 5.5, lowering Emax to about 270 TeV for Cas A, and
approximately 96 TeV for Tycho. From γ-ray observations
that include detections of energies above 10 TeV by VERI-
TAS for Tycho (Acciari et al. 2011) and 20 TeV for Cas A
(Aharonian et al. 2001; Acciari et al. 2010) by HESS and
VERITAS, a characteristic proton energy of 7 times that
value is not far off from the saturation value we find in our
model. The high magnetic field will cause severe synchrotron
losses at the high energy end of the electron spectrum. For
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SNR Type age Rs us Emax (γτ = 5) Bsat Bobs
RSG (Cas A) 330 yr 2.2 pc 4900 km s−1 283 TeV 243 µG 210− 230 µG
Tycho 440 yr 3.2 pc 3900 km s−1 108 TeV 128 µG 200− 230 µG
SN1006 1000 yr 7.6 pc 4100 km s−1 < 60 TeV < 35 µG 80− 150 µG
Table 1. Overview of the supernova remnant models, evaluated at times that correspond to the age of their closest corresponding real
SNR. Rs and us are from the 1D hydrodynamical models, and the values of Emax are from the numerical iteration routine that solves
Eq. 2 for variable shock velocity (solid lines in Fig. 4), which is close to what you would get directly from Eq. 4. Bsat is the calculated
saturation value for the magnetic field immediately upstream of the shock as derived from Eq. 6. Bobs is the post-shock field deduced
from X-ray synchrotron observations (e.g. Helder et al. 2012). The post-shock field is expected to be greater than the pre-shock field by
a factor ∼ √11.
more detailed models on how an ad-hoc cosmic ray spec-
trum translates to the photon spectrum, we refer to more
detailed models in this respect regarding Tycho’s SNR by
Berezhko et al. (e.g. 2013); Morlino & Caprioli (e.g. 2012).
There is also still uncertainty on the distance estimates of
the observed galactic SNRs. For example in the case of Ty-
cho there is a discrepancy between the expected environ-
ment based on dynamics and that based on ionisation age.
Because the distance is not well-known, the radius and shock
velocity are uncertain. The density of the environment has
been estimated to be between values of nism ≈ 0.05− 0.85,
or, to match both dynamics and ionisation age a more com-
plicated CSM could be required (Chiotellis et al. 2013).
For the SN1006-like model, using our numerical integra-
tion procedure, we find that the NRH instability is no longer
operating after about 500 yrs, when the gyroradius of the
highest-energy cosmic rays is smaller than the wavelength
of the fastest growing mode. Given that our numbers un-
derestimate the radius and velocity somewhat, this may not
necessarily be the case in SN1006 and a more targeted study
is needed to determine if the NRH could still be operating
in the system. It is possible that once the NRH stops be-
ing effective, another instability, e.g. the resonant one (Kul-
srud & Pearce 1969; Wentzel 1974), becomes dominant and
carries on the amplification and acceleration process, albeit
probably at a slower rate. This seems to be a possibility for
the current situation in SN1006, especially considering most
of the observational estimates for the magnetic field are not
very high. Magnetic field values found in the literature, often
from fitting models to the observational data for SN 1006,
cover a range of downstream values of 80 µG, > 60−90 µG,
120 µG, 150 µG, (Araya & Frutos 2012; Parizot et al. 2006;
Acero et al. 2010; Berezhko et al. 2012), and a model by
Petruk et al. (2011) quotes a preferred upstream value of
25 µG (12 µG if no protons are accelerated). It seems that
in SN1006 amplification does indeed proceed much slower
than in e.g. Tycho and Cas A.
However, HESS observations have detected γ-rays from
SN1006 with energies of about 10 TeV, requiring at least 70
TeV protons if the dominant process is through the hadronic
channel. If the emission is of leptonic origin, the electron en-
ergy should be around 50 TeV for the inverse compton pro-
cess of the microwave background, which has a characteris-
tic photon energy of 1 = 4γ
20 (e.g. Blumenthal & Gould
1970), with γ the lorentz factor of the relativistic electron,
and 0 the initial photon energy. With our model parame-
ters, from Eq. 4 we get a value of ∼ 60 TeV for the maximum
cosmic ray energy, which is still in the right range, but that
is assuming that the NRH instability still operates. If and
how other instabilities will be efficient enough to reach sim-
ilar cosmic ray energies is an open question. It is possible
that currently observed cosmic rays were accelerated ear-
lier on, and whether the spectrum has started to roll over
or not at these energies also makes a large difference. Al-
ternative solutions could be a slightly higher density, lower
background magnetic field strength, or a higher value for
the initial fluctuations, all of which will help to continue the
NRH for a longer period of time and keep Emax higher. All
in all, we cannot be quite certain that the NRH instability is
still operating in SN1006, and it may potentially be a good
candidate to look at what happens beyond the NRH insta-
bility. Modelling of the spectrum based on assumptions for
the electron and proton population of cosmic rays has been
done by various authors (e.g. Berezhko et al. 2012) and we
refer to those works to see how the cosmic ray spectrum
translates to the photon spectrum in more detail.
Our model, although it does not cover the downstream
values, gives a reasonable indication of which SNRs are ef-
ficient in magnetic field amplification and which are less so.
For the SNRs exploding in a CSM the assumption of a homo-
geneous, parallel, field of 5 µG is obviously overly simplified.
The farther the shock wave propagates, the more perpen-
dicular the magnetic field it encounters will be as the shock
propagates further into the Parker spiral generated by the
wind of the rotating progenitor star. Its zeroth order field
strength is therefore also likely to be a function of radius.
During the nonlinear stage, there is also the possibil-
ity that other instabilities will come into play. Given there
is now a cosmic ray precursor, the acoustic instability as
described by Drury & Downes (2012); Malkov & Diamond
(2009), or a filamentation instability such as described by
Reville & Bell (2012), could start to act on the conditions
created by the NRH instability. As these instabilities are
longer wavelength in nature, they may aid in confining cos-
mic rays up to higher energies. When the shock crosses this
region of density and magnetic field fluctuations it com-
presses the perpendicular component of the field, and ad-
ditional amplification may occur downstream (Beresnyak
2011; Guo et al. 2012) as a result of the (NRH or other-
wise induced) density fluctuations.
5 GALACTIC PEVATRONS AND COSMIC
RAY SPECTRUM
We have seen in the previous section that the highest ener-
gies for cosmic rays are reached in early phases of the SNR
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Figure 4. Maximum energy as a function of time for the evolution of a SNR in various environments. Left: The black, red, and yellow
curves indicate Emax for a CSM created by wind velocities of 4.7, 15, and 1000 km s−1 respectively, and a mass loss rate of M˙ = 10−5 M
in all three cases. Right: The black and red curve indicate Emax for an ISM with a number density of 0.85 and 0.05 cm−3 respectively.
The dashed line shows the analytical solution given by Eq. 4, using ln(Emax/mpc2) = 14, whereas the solid line shows the numerically
integrated solution for the maximum energy that takes into time dependence of the shock velocity. The steep drop is where the NRH
instability stops being effective and where other instabilities will be required to grow the magnetic field fluctuations.
Figure 5. Shock velocity as a function of time for the evolution of a SNR in various environments. Left: CSM for various values of the
wind velocity, as in Fig. 4. The solid lines indicate the shock velocity and the dotted lines give the number density just upstream of the
shock as a function of time. Right: evolution of the shock velocity for the two different values for the ISM number density.
evolution, and especially in the core-collapse SNe in a dense
RSG wind, which are representative for the early stages of
most type II SNe. However, with our assumed model param-
eters we get to about a PeV but not to much beyond, and
only for SNRs younger than a few decades. Potentially, if a
proper description for the magnetic field around a massive
star is taken into account, this may shift the numbers.
There are a couple of ways to increase the cosmic ray
energy compared with the current analysis. Firstly, some
change in Emax may be gained by adjusting the explosion
parameters: mass and energy of the ejecta. Pushing the mass
to an extreme low and the energy to a high will increase
the maximum cosmic ray energy some – by virtue of the
higher shock velocity – depending on the density of the en-
vironment. Secondly, the energy of the cosmic rays may be
increased by the inclusion of higher Z elements, as was also
argued by Ptuskin et al. (2010). For example, if the wind
were dominated by helium rather than protons, the energy
would increase twofold. Observations of the cosmic rays seem
to indicate that the mean mass of the cosmic rays seems to
go up between several 100s of TeV and 10 PeV (Kampert
& Unger 2012; IceCube Collaboration et al. 2012), which is
very interesting in light of these results. The systematic un-
certainties are quite large and the interpretation model de-
pendent, which allows for a wide range of energies at which
the composition might change. However, both of these meth-
ods to increase the cosmic ray energy are mostly applicable
to the case we describe for a WR wind – in a tenuous envi-
ronment the higher shock velocity survives longer, and the
dominance of helium versus hydrogen may be expected. Be-
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Figure 6. Cosmic ray spectrum of the escaped particles, extrap-
olated as a ∝ E−2 power law to lower energies from the energy
where the NRH stops working (compare to the energy where the
curve in Fig. 4 drops). The cumulative spectrum is shown with
red dots, with fractions of 1/2 RSG, 1/6 WR, 1/6 SN1006-like,
and 1/6 Tycho-like SNRs. The dashed line indicates the slope
assumed for the spectrum at the shock, following a powerlaw of
dN/dE ∝ E−2.
cause of the low density resulting from the WR wind, the
cosmic ray energies are very low to start with, and even with
the increases that will result from the proposed changes, we
do not expect they will get to PeV energies.
The confinement from the NRH instability may con-
tinue as long as the gyroradius of the highest-energy cosmic
rays is larger than the wavelength of the fastest growing
mode. It turns out that, in our models, with the simplified
assumption of having a radial magnetic field with a magni-
tude of 5 µG, this condition ceases to be met after around
∼ 1000 yrs, depending on the exact parameters. For a wind-
shaped CSM, if the magnetic field strength continues to de-
crease, this could be at a later time. However, by then the
perpendicular component of the magnetic field will be so
dominant compared to the parallel component that we are
in a different regime altogether, which requires a new line
of investigation. If SNRs continue to accelerate CRs beyond
this point, the resonant and/or long-wavelength instabilities
(e.g. Schure & Bell 2011) may dominate.
We can determine the resulting spectrum from escap-
ing cosmic rays by adding the cosmic rays that escape at
any given time to the escape spectrum, and calculate the
resulting spectrum over the evolution of the SNR (up to
the age to which we can track it, which gives a low-energy
bound to our spectrum). We do this for each of the types
of SNRs that we consider separately, and show the results
in Fig. 6. The number of escaping cosmic rays is essentially
determined by the escape current as N(E) = j/(usq), inte-
grated over the surface area of the entire remnant, while the
energy Emax of the escaping cosmic rays is determined by
Eq. 4 for a spectrum at the shock that follows a slope ∝ E−2.
A monochromatic energy spectrum at this energy is added
to the energy bin with E < Emax < E + dE, to contribute
to the escape spectrum. We extend the spectrum to energies
below the energy reached at the time our NRH instability
stops operating, following a slope of dNcr/dE ∝ E−2, which
is the slope expected based on the dynamics once the Sedov
phase is reached (e.g. Bell et al. 2013). The non-smoothness
of the spectrum is a result of the limitations of tracking the
shock precisely and the discretisation, especially at early
times. At the high-energy end the spectrum is significantly
steeper than E−2, as expected for the free expansion phase.
Ptuskin & Zirakashvili (2005) use the Chevalier-Nadyozhin
solution to predict slopes during the free expansion phase,
values of which would amount to E−4 and E−5 for our used
CSM and ISM parameters respectively, in the free expansion
phase. Especially for the CSM cases, the gradual conversion
to a E−2 power law at lower energies can be seen to emerge.
By combining all of the generated spectrum and adding the
escaping cosmic rays, we can get a rough estimate of the
source spectrum in our Galaxy, plotted in Fig. 6 indicated by
the red dots. We have used the following rates: 1/6 Tycho-
like events, 1/6 SN 1006-like Type Ia SNe, 1/6 WR-wind
CSM core-collapse events, and 3/6 RSG wind CSM. These
numbers are roughly in correspondence with some recent
SN rates surveys (Smartt et al. 2009; Leaman et al. 2011).
The slope of the total spectrum is slightly steeper than the
source spectrum, indicated by the dashed line, and will be
smoother if a greater variation of explosion and ISM/CSM
parameters will be taken into account.
From our model we can calculate the energy carried
away by escaping cosmic rays for the different systems (up
to the time the NRH instability stops operating, indicated
by the steep drop in Fig. 4). The total energy pumped into
cosmic rays up to this time can estimated by extrapolating
the energy spectrum to the rest mass energy, assuming that
the powerlaw extends to lower energies with a slope of E−2.
The energy in respectively the escape spectrum, and the ‘to-
tal’ spectrum varies between 1.8×1049 erg (total:∼ 1050 erg)
for a Tycho-like event in the first 900 yrs, 1.0×1049 erg (to-
tal: 8.7× 1049 erg) for a SN 1006-like system in the first 500
years, 3.5×1049 erg (total: 1.2×1050 erg) in 1000 years for a
dense RSG wind, and just 1.8× 1048 erg (total: ∼ 1049 erg)
for a system in a WR wind in 200 years, after which the
circumstellar medium becomes more complex. From these
numbers we can deduce that during the operation of the
NRH instability, on average only ∼ 1% of the total kinetic
energy has been lost in the form of escaping cosmic rays,
but a total of on average about 5.5% of the kinetic energy
of the shock has been transferred to cosmic rays up to this
point (amounting to an average of ∼ 9×1049 erg). More en-
ergy will be transferred to CR during the subsequent Sedov
phase of the SNR expansion.
It seems that of these type of systems, a core-collapse
in a RSG environment not only accelerates to the highest
energies, but also produces the majority of the cosmic rays
because of the higher explosion energy and the high circum-
stellar density. Our model predicts that in these systems, for
our chosen parameters, about 6% of the kinetic energy has
been transferred to cosmic rays in the first approximately
1000 yrs during which the NRH instability is expected to
operate. This is in the case of the very slow (and thus high
density) wind.
The total energy required to replenish the Galactic pop-
ulation of cosmic rays has been estimated to be on the order
of 3 × 1040 erg s−1 (e.g. Blandford & Eichler 1987; Lund
1984). For our model parameters, we are able to reach this
c© 2010 RAS, MNRAS 000, 1–14
10 K.M. Schure & A.R. Bell
power even if the supernova rate is only about two per cen-
tury. However, estimates of the required CR energy input to
the Galaxy are very uncertain, and estimates of the required
supernova rate are correspondingly uncertain.
The highest cosmic ray energies are reached in the first
couple of hundred years in a dense wind environment, after
which it rapidly drops. For the known Galactic SNRs, Cas-
siopeia A is the best candidate to have been a ‘Pevatron’,
albeit only in its early years and not currently. Another can-
didate is potentially G1.9+0.3, but its circumstellar density
is expected to be low (Carlton et al. 2011), which likely pre-
vents it from acceleration cosmic rays to PeV energies, and,
indeed, from being a significant source of the highest energy
galactic cosmic rays.
6 AMPLIFICATION AND COSMIC RAY
ENERGY IN SNRS
Finally, we will look at how the NRH instability manifests
itself using the values for the escape current found in the
calculations for self-consistent cosmic ray confinement and
magnetic field growth in Sect. 4.
In order to see the large scale evolution, we have mod-
elled the evolution of a SNR using the AMRVAC code dis-
cussed in Sect. 3. We set the simulation up in 2.5D spherical
r, θ geometry, with symmetry in the φ direction, on a grid
covering an angle of 5.4◦ around the equator and a radial
extent of ∼ 3.2 pc. We use 10440 cells in the radial direc-
tion, and 348 in the angular direction, resulting in a radial
resolution of ∆r ≈ 9.6× 1014 cm. A CR current is imposed
upstream of the shock, according to the 1D model described
in Sect. 4. We have run simulations with the same Tycho-
and RSG-like parameters as discussed in the previous sec-
tions. Because of numerical reasons, we initialise the ejecta
over a larger initial radius (1.5×1018 cm) with a lower maxi-
mum velocity (15, 000 km s−1), in order to obtain a solution
for the shock position that is as close as possible to that
in our 1D runs. Apart from that, the initialisation is as de-
scribed in Sect 4. The inner boundary is set at 0.5×1018 cm,
to avoid inifinitesimal time step near the origin. This means
we have a non-zero velocity at the inner grid, which causes
non-homologous expansion of the inner ejecta. However, this
does not affect the region beyond the contact discontinuity
much and certainly does not reach to the forward shock. We
use Eq. 5 to calculate the current, where we again choose
γτ = 5, which is then used as input for the Lorentz force in
the momentum equation. The current and B0 are set up in
the radial direction, and a random magnetic field is added
to that, with values of again 5% of the background magnetic
field. The result is shown in Fig. 7, where we show B⊥/B0
for a part of the grid at times 200, 300, and 400 yrs (left to
right). The upper panel shows the Tycho-like SNR, and the
lower panel the RSG (or Cas A)-like SNR.
An angular average as a function of radius of the density
and ofB⊥ andBrms is shown in Fig. 9 for both types of SNR,
at times t = 200 and t = 300. At t = 200, in both cases the
gradual growth of the upstream magnetic field can be seen,
while at a later time the average field strength has mostly
saturated. Downstream, the magnetic field decays rapidly.
The jump of B⊥ at the shock is better viewed in the 2D plots Figure 7. B⊥/B0 at different times for SNR evolving in a ISM
(upper panel) and CSM (lower panel), for t ≈ 200, 300, and
400 yr. The shock radius at those times is 2.1, 2.65, 3.1 pc (ISM),
and 1.85, 2.4, 2.9 pc (CSM).
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Figure 9. 〈B⊥〉/B0 (solid), Brms/B0 (yellow dashed), and density (dotted) are shown as a function of radius, averaged over the angular
extent of the simulation, for a Tycho-like (left) and Cas A like (right) SNR at t = 200 (upper) and t = 300 yr (lower panels).
Figure 8. B⊥/B0 and density are shown for the SNR shock
region of a Tycho-like SNR (top), at a time of ∼ 400 yr, and
Cas A like SNR at a time of 300 yr. The axes indicate a scale of
1017 cm.
of Figs. 7 and 8 because the average over angle, combined
with the shock corrugation, smooths out the jump in 〈B⊥〉.
Theoretically, at any point in time, the growth just up-
stream of the shock should be such that γτ reaches a max-
imum value of 5, resulting in a value of B⊥,max/B0 ≈ 7.5
for exponential growth. At early times the growth seems
to progress more slowly, whereas later on the amplification
is stronger. We find that this is consistent with what we
derive using our numerical iteration for solving for γτ in
Sect. 4 (see Fig. 4), using the shock position in the simu-
lation. Because in 2D we cannot track the shock at early
times as precisely as we did in our 1D simulations, because
we initialise the ejecta over a larger radius, we find that at
the very early times Emax from Eq. 5 is higher than we
find numerically, resulting in a current that is lower than
needed to reach the required levels of γτ . Later on, the re-
verse happens, and the analytical results yields a current
that is slightly larger than that needed to reach γτ = 5.
Also, in the ISM environment, growth is relatively more
rapid. In Fig. 4 the analytical curve is further below the
numerical outcome because ln(Emax/Erest) < 14, resulting
in underpredicting Emax and thus overpredicting j, resulting
in higher levels of magnetic field amplification. As said be-
fore, small changes in the current induce large changes in the
amplification, and we consider the outcome consistent with
expectations. An additional factor that may be of influence
in generating higher levels of B⊥/B0 is that, although the
initial average strength of the seed magnetic fluctuations is
on the 5% level, the peak levels of the initial fluctuations are
substantially higher than that. We should also consider that
in the simulations we do not distinguish between the scale
of the maximum growing mode and the scale of the seed
fluctuations, whereas in the simulations those scales change
over location and time.
A close up of both SNRs, which also depicts the density,
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is shown in Fig. 8. “Tycho” is plotted for a time 400 yr, and
“Cas A” is plotted at t = 300 yr (for even better close-ups
we refer to the corresponding B⊥/B0 frame in Fig. 1, i.e. the
bottom three frames). The axes indicate a scale of 1017 cm.
Values of B⊥/B0 of 10− 25 have been reached, correspond-
ing to upstream magnetic field strengths of 50−125 µG. For
these amplification levels, clear density contrast can be seen
in the upstream, and even after shock passage. Such density
perturbations may induce additional instabilities, both in
the downstream (Giacalone & Jokipii 2007; Zirakashvili &
Ptuskin 2008; Guo et al. 2012), and in the precursor (Beres-
nyak 2011; Drury & Downes 2012). All these simulations,
however, are done in slab geometry and do not account for
expansion of the plasma. In our simulations we do see a
stronger magnetic field at the shock, compared to the up-
stream, but whether this is different from just compression
is unsure – if it happens it may be at a smaller scale than
we are interested in. We mainly see that further downstream
the magnetic field strength decays, possibly a combination
of the compressed magnetic field relaxing now that there is
no j × B force confining the high-pressure regions of dense
plasma and amplified field. Additionally, the post-shock re-
duction in the magnetic field may be increased by expan-
sion in spherical geometry and possibly also by numerical
diffusion caused by rapid downstream advection accross the
computational grid.
Observations of non-thermal X-ray emission (Hwang
et al. 2004) of the shock front of Cas A show that there is a
fair bit of structure at the shock. The thin filaments that are
observed in X-ray wavelengths correspond to length scales
of the same order of magnitude as what we see in Fig. 8,
around 2.5 × 1017 cm (Patnaude & Fesen 2009). Although
our simulations do not show the same level of structure as
the observations do, a small adjustment to the current den-
sity could increase the level of structure substantially.
In our simulations more structure is apparent in the Ty-
cho case, whereas observations for Tycho show a smoother
shock front for the most part. This could mean that for Ty-
cho the current density in the simulation should be slightly
lower than the value that we used, or other parameters could
be changed to achieve the same result. It is worth noting
that in this approach, the current is only dependent on the
values for γτ , Rs, us, and ρ. Only the corresponding value
for Emax depends additionally on the efficiency χ. Obser-
vations of cosmic ray energies can therefore constrain χ,
whereas observations of the upstream structure and mag-
netic field value can teach us something about γτ and the
current density. It is possible that a substantial level of struc-
ture contains a signature of the present activity of the NRH
instability and could be used to constrain the associated cur-
rent density. However, spatial structure and time variation
might be caused by the shock propagating into an already
disturbed medium, for example as indicated by the presence
of the quasi-stationary flocculi being overtaken by the shock
in Cas A.
The magnetic field values that we reach in our simula-
tions (Fig. 8) and that we have derived from the equations
are, in the case of Tycho and Cas A, short of the saturation
value, which would amount to ∼ 400 and ∼ 980 µG respec-
tively (
√
11 times the upstream saturation value given by
Eq. 6). This is unsurprising since amplification of B⊥ by a
factor eγτ with γτ = 5 and further increase by
√
11 through
compression at the shock would only increase the field to
∼ 120 µG. So long as this is the case, the magnetic energy
density is likely to scale with ρu2s. Only when saturation is
reached, such as may be the case in SN 1006, we expect B2
to scale with ρu3s.
7 DISCUSSION
We have attempted to find a combination for the current and
the maximum cosmic ray energy that simultaneously allows
for confinement of cosmic rays and growth of the magnetic
field. We expect the non-resonant hybrid instability to be
the most efficient at amplifying the magnetic field in young
SNRs, up to an age of ∼ 1000 yrs. Based on the maximum
growth rate of this instability, and of the required growth of
the magnetic field, the value of the cosmic ray escape current
can be derived that is consistent with such growth of the
upstream magnetic field. This, combined with an efficiency
parameter χ, gives us the maximum energy of cosmic rays
at any point in time that is consistent with such a current.
In historical SNRs such as Tycho and Cas A, there is
strong evidence of an amplified magnetic field. Using these
to help constrain our input for the minimum value of γτ
and the corresponding required minimum value of the cur-
rent density, an upper limit for Emax can be derived. We
find that values are consistent with these SNRs currently
being sources of cosmic rays to energies of ∼ 100 and 300
TeV respectively, depending on the exact choice of parame-
ters. These values are consistent with available observations,
and we hope that the upcoming Cherenkov Telescope Array
(CTA Consortium et al. 2013) will be able to actually deter-
mine at which energy the gamma-ray spectrum rolls over,
giving us a much better handle on the expected cosmic ray
energy.
SNRs that evolve in a high-density environment are
more effective in accelerating cosmic rays to high energies.
In addition to having high initial densities, core-collapse SNe
gain an extra factor 2 (see Eq. 4) for the cosmic ray energy
because of their stellar-wind environment. This results from
the fact that the current is proportional to the density at the
shock front, whereas the upstream growth rate is inversely
proportional to the square root thereof, resulting in an over-
all net gain of a factor two when it comes to the maximum
energy of cosmic rays.
The historical remnant of SN1006 is of Type Ia and,
according to our model, has reached a point where the NRH
instability may no longer be operating. The value of the
measured magnetic field is much lower than that for the
other historical remnants, which also is an indication that
cosmic ray acceleration is not very efficient. Parameters may
be slightly altered, such that SN1006 still fits within our
model, or alternative instabilities should be explored that
keep the cosmic rays near the shock front.
When it comes to the total population of cosmic rays ar-
riving from our analysis, we find that, in the first 1000 years
of the lifetime of a SNR, with our assumed model parame-
ters, on average about 5.5% of the kinetic energy has been
converted into cosmic rays (in the best possible accelerator:
the RSG wind, this value is 6%). Even with a supernova
rate of about two per century, this is potentially enough to
replenish the Galactic population, and there is room for the
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efficiency to be below our optimistically assumed value. Our
results are consistent with SNRs being able to be responsible
for the dominant component of Galactic cosmic rays.
It is unlikely that at a later times the maximum energy
of cosmic rays will be higher than that resulting from this
analysis. The population of PeV cosmic rays is most likely
to come from young SNRs of the SNe that explode in a
dense wind medium. In our model, we find that energies
of a few PeV are reached. Given the high initial density,
and therefore potential number of cosmic rays, the resulting
escape spectrum still follows a powerlaw, that is only mildly
steeper than the source spectrum.
In conclusion, the combination of diffusive shock accel-
eration with the non-resonant hybrid instability provides a
fairly self-consistent picture for the origin of CRs up to PeV.
Given sufficient energy transfer in the first 1000 yrs, the
process of DSA proceeds rapidly enough to accelerate the
high-energy end of the population of Galactic cosmic rays.
Special circumstances are required to get beyond energies of
a few PeV. Escape is an essential requirement for accelera-
tion to high energies, as the instability and confinement of
cosmic rays to the region are mutually dependent. The ex-
act diffusion processes and other instabilities that will start
to dominate for ageing SNRs will be important in address-
ing the spectrum of Galactic cosmic rays below ∼ 100 TeV.
When it comes to PeV cosmic rays though, the NRH insta-
bility makes young SNRs, in combination with a dense RSG
environment, the most likely candidates for their origin.
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